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Abstract. Let A be a finite subset of F q ((t 1 )), the field over Laurent series 
in 1 /t over a finite field ¥ q . We show that for any e > there exists a constant 
C dependent only on e and q such that max{|A + A\, \AA\} > C\A\ 6 / 5 ~ E . In 
particular such a result is obtained for the rational function field F 9 (t). A 
version in terms of the multiplicative energy of A is also obtained. 



1. Introduction 
Let A be a non-empty finite subset of a ring. Consider the sumset 



and the product set 



A + A = {a + b : a, b e A} 



AA = {ab : a, b e A} . 



It is conjectured that at least one of A + A or A A must be large whenever A is 
not close to being a subring. Here 'large' means of cardinality at least f2 
for 5 > 0. In what follows we say that 5 is permissible for A if for all e > 



max(|A4|, + » 5 , £ \A\ 



1+5-e 



Erdos and Szemeredil [19831 ] conjectured that 1 is pe rmissible for any finite set of 



integers. The best-known result towards this is due to Solvmosi 



; t or any : 



who showed 



that 1/3 is permissible for any finite set of reals. iKonvagin and Rudnevl [2012j have 
recently extended this result to co mplex number s. Previous results in the real 



and comp lex settings can be found in lElekesI [19971 ] . iFordl |1998j . iNathansonl [1997] . 
Solvmosil [2005blT 



Mu ch has also been achie ved in the finite field setting. In a finite field of prime 
order, iBourgain et al.l [20041 ] proved the existence of an absolute constant 5 > 
which is permissible for any A c¥ p for a ny prime p , whenever A is not too close to 



being the whole field ¥ p . More generally, [2009] extended this result to general 
rings whenever A is not too close to being a subring. 

G araev made th e Bourgain-Katz-Tao r esult explicit i n two cases: when \A\ > 

p 2/3 

shar 



Garaev, 20081 ] and when \A\ < p 1 / 2 Garaev . 2007 1. The former estimate is 



snarp but the latter has be en s ubsequently impr oved [see Bourgain and Garaevl 
20091 Katz and Shenl . l2008al O, l201l[ IShenl |2008|. The mos t recent result is that 



1/11 i s permissible whenever L4J < jp 1//2 , duetolRudnev 2012 1 . Li and Roche-Newtonl 
2011 1 built on a technique of Katz and Shen 2008bj to extend this estimate to any 



finite field, not necessarily of prime order, so long as A is not too close to being a 
subfield. 



The authors are both supported by an EPSRC doctoral training grant. 
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In this paper we consider sum-product estimates for ¥ q ((t~ 1 )), the field of Laurent 
series over a finite field F g . We shall show that for subsets of such fields 1/5 is 
permissible. 

We indicate possible applications to constructions in theoretical computer science 
below, for which it is likely only an appeal to the theorem over ¥ q [t] is necessary, 
which follows immediately since ¥ q [t] C ¥ q ((t~ 1 )). 

We will prove the following theorem. 

Theorem 1.1. For any finite A C ¥ q ((t~ 1 )) and any e > we have 

\A + A\ 3 \AA\ 2 » e>9 \A\ 6 ~ e . 
A sum-product result for ¥ q ((t~ 1 )) follows immediately. 
Corollary 1.2. For any finite A C ¥ q ((t~ 1 )) and any e > we have 



max{|A + A\, \AA\} > £!(Z \A\ 



i+i- 



The sum-product exponent of 1/5 for ¥ q ((t~ 1 )) lies between the 1/11 known for 
finite fields and the 1/3 known for R. It is natural to conjecture that the correct 
answer for ¥ q ((t~ 1 )) is 1. 

For many applications, in particular those to exponential sums and thence to 
theoretical computer science, it is more useful to have a sum-product theorem in 
terms of the multiplicative energy of the set A. Recall that the multiplicative energy 
of A is defined by 

E X (A) = \{(a,b,c,d) 6 A 4 : ab = cd}\ . 

Our methods yield the following theorem. 

Theorem 1.3. For any finite A C ¥ q ((t~ 1 )) and e > we have 

|A + ^| 3 |^| 26+e » e> , E X {A) W . 

We remark that the dependence on q in the implicit constants cannot be removed, 
since ¥ q ((t~ 1 )) contains ¥ q as a subfield, which is closed under both addition and 
multiplication. 

This contrasts with the finite field setting for sum-products, where we think of 
q as being large, as it is an upper bound for the cardinality of our sets. Clearly 
any finite field sum-product result for which the constants depended on q would be 
meaningless, since we could write everything as O q (l). 

Aside from their intrinsic interest these theorems may have applications to con- 
structions in theoretical computer science. Sum-product results over fin ite fields 



have seen recent applications to extractors; see for example iBourgainl [20051 ]. A key 
idea in these previous applications is the observation that a string of n bits, that 
is, an element of F£ , can be interpreted as an element of the field F 2 n so that the 
full power of the sum-product machinery can be brought to bear. An alternative 
is to interpret it as an element of ¥2 [t] . Given that the sum-product results now 
available in are better than those in ¥2^ (that is an exponent of 1 /5 rather 



than 1/11) we expect that constructions along a similar line to those in iBourgain 
[2005l | will be quantitatively stronger over F2 [t] rather than ¥2™ ■ 

For number theory and geometric applications it is worth pointing out that any 
global function field, that is, a field of transcendence degree 1 over a finite field, 
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can be embedded into ¥ q ((t~ 1 )) for some q, where q depends only on the field of 
constants and genus of the function field. In particular Theorem 11.11 will also hold 
for any finite subset of a global function field. 

Finally, we remark that it is crucial to the result that the field of constants for 
¥ q ((t~ 1 )) is finite. Obtaining a sum-product result in, say, Q(t) requires a different 
approach, and has been done with a non-explicit exponent by Croot and Hart 2010j | 



(whose methods would also likely lead to a sum-product result over ¥ q (i) but almost 
certainly with a weaker exponent). 

The approach used in this paper is based on a geometric argument used by 



Solvmosil 2005a] in the complex numbers, coupled with some striking structural 



properties that arise from the non-archimedean geometry of global function fields. 

The next section provides more of the necessary background on function fields, 
and explains the structure of the proof and the rest of the paper. 

2. Function fields 

Let F g ((t -1 )) be the field of Laurent scries over a finite field ¥ q with q elements. 
Recall that elements of ¥ q ((t~ 1 )) have the shape 

E ^ 

i<N 

where a, € F q , for some N G Z. Throughout this paper q will be reserved for the 
size of F g and p for the characteristic of ¥ q , so that q is a power of p. 

is the familiar degree map; that is, if 



There is a non-archimedean norm on ¥ q ((t x )) given by ||x|| = q dc & x where deg 



E«^ 



i<N 

and a,N ^ then we say that deg a; = N. We define ||0|| = 0. This has the crucial 
non-archimedean property 

\\x + y\\ < maxdlzH , 

and furthermore 

11**11 = 11*11 

for any k € N such that p \ k. Both of these properties will be used frequently 
without further mention in what follows. As a consequence of the non-archimedean 
property ¥ q ((t~ 1 )) has an unusually rigid geometry, which will be exploited when 
proving sum-product estimates. A particular concern will be the behaviour of balls, 
which are sets of the form 

B(x,r) = {ye¥ q ((t- 1 )) : \\x-y\\<r}. 

We will call r € K the radius of the ball B(x,r). The non-archimedean property 
implies the following properties which are considered standard. 

Lemma 2.1. If B\ and Bi are balls in ¥ q ((t~ 1 )) then either they are disjoint, or 
B\ C B2, or B% C B\. If in addition B\ and Bi have the same radius then either 
they are disjoint or B± = B^. 

Proof. Let B\ = B(x,r) and B2 = B(y,s). If there exists a 6 B(x,r) F\B(y,s) 
then 

\\x - y\\ < max{||a - x\\ , \\a - y\\} < max {r, s} . 
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If r < s then this implies B(x, r) C B(y, s) since if b € -B(£, r) then 

|y — b\\ < max{||y — a;|| , ||6 — x\\} < max {r, s} = s. 

Conversely if s < r then B(y, s) C B(x, r). Hence if r = s then B(x, r) — B(y, s). 

□ 

Lemma 2.2. Let A C F g ((t -1 )) and let r 6 R and /c 6 N. If A is contained in a 
ball of radius r, then the k-fold sumset kA is also contained in a ball of radius r. 

Proof. If A is contained in the ball B(x.r) then it follows immediately from the 
non-archimedean property that kA is contained in the ball B(kx,r). □ 

The theorem we shall actually prove is one involving partial product sets. If 
G C A 2 then we define the partial product set by 

A G A = {ab : (a,b) E G}. 

The use of this lies in the following crucial lemma (which in fact holds in any 
multiplicative group), which relates mult i plicat ive energy to partial product sets. 
For a proof see, for example, iTao and Vul [20061 Lemma 2.30]. 

Lemma 2.3. For any finite A C F g ((£ -1 )) there exists a graph G C A x A such 
that 

\G\» E ^ 



A G A 



l-4| 



1-4 



4 



E X (A)- 



The implicit constants are absolute. 



To prove both Theorem 11.11 and Theorem 11.31 it suffices to prove the following 
theorem. 

Theorem 2.4. For any finite A C F^i^ 1 )), graph G C A 2 and e > we have 



q\A\ 10+£ \A + A\ 3 A° A > e \G\ S . 

Theorem 11.11 follows by taking G = A 2 and Theorem 11.31 follows by invoking 
Lemma 12.31 



2 



The proof of Theorem 12 .41 builds upon an approach of lSolvmosil 2005a] for sum- 
products in C. When adapting this method, the non-archimedean geometry of 
function fields turns out to be a mixed blessing. 

First, the bad news. Solymosi's argument fails at a critical point in the function 
field setting, for the following reason. For each a £ A, let a' G A \ {a} be such 
that ||a — a'|| is minimal, and let B a be the ball of radius — a'\\ centred on 
a. Solymosi's method uses the crucial fact that a single complex number can be 
contained in at most O(l) of the B a . This fails spectacularly in Fg^t" 1 )), where an 
element could be contained in as many as \A\ of the B a , as demonstrated by the 
following example: let 

A = {t j : < j < n} 

so that 

B t] ={xe¥ q ((t- 1 )):\x\<qi} 
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for j > 1 and B\ = Bt, meaning that every one of the \A\ balls contains as an 
element. 

But all is not lost. In the example above, the astute reader will notice that 
\A + A\ « \A\ 2 , and so a strong-sum product estimate holds despite the failure 
of Solymosi's argument. In fact we will be able to show that something like this 
is possible whenever Solymosi's argument fails, by considering a special type of 
structure to be defined in the following section: separable sets. 

Separability is fairly unexciting in the complex setting, as it holds trivially for 
any non-empty finite set, but in the non-archimedean regime of function fields it is 
a stronger notion. The rigid geometry makes it harder to find separable sets, but 
where they do exist it will in fact imply the existence of large sumsets. The idea, 
therefore, is to show that many large separable sets must exist whenever Solymosi's 
argument fails. Combining this with an analysis of separable sets as having large 
sumsets will lead to a proof of Theorem 12.41 

In what follows, Section [3] analyses separable sets and develops the necessary 
results about their sumsets. Section 0] then adapts Solymosi's proof from Solvmosil 



2005a] to establish that if \A + A\ and \A ■ A\ arc both small then there must exist 



many large separable sets, and uses this to prove Theorem 12.41 One of the virtues 
of Solymosi's proof is that it is very robust, allowing for partial product sets and 
also the creation of extra structure, both of which are exploited to obtain the full 
strength of Theorem 12.41 



3. Separable sets 

This section analyses sumsets of separable sets in F g ((i -1 )). A finite set A C 
F g ((£ -1 )) is separable if its elements can be indexed as 

A = {ai, . . . ,a| A |} 

in such a way that for each 1 < j < \A\ there is a ball Bj with 

AD Bj = {ai, . . . , a,} . 

We say that the balls Bj separate A. Additionally, we say that a separable set A 
has resolution at least r if there are balls Bj separating A such that Bj has radius 
at least r for all 1 < j < \A\. 

It is an immediate consequence of the definition that a subset of a separable set 
with resolution at least r is itself separable with resolution at least r. The principal 
result of this section, and the only one carried forward, is the following. 

Lemma 3.1. Let A = {J^ = i Ai be a disjoint union of separable sets Ai, each of 
cardinality at least K . Then 

\kA\ > fc N 1 / k K k - 1 

for any natural number k. 

A first step to proving Lemma 13.11 is to consider sumsets of an individual sep- 
arable set. The following lemma shows that all sumsets of such a set have near 
maximal size. 

Lemma 3.2. If A C F g ((£ -1 )) is a finite separable set then 

\kA\ » fc \A\ k 

for any natural number k. 
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Proof. Let Ek{A) denote the fc-fold additive energy of A, i.e. the number of solu- 
tions to 

(1) ai + . . . + a k = bi + . . . + b k 

with ai,bi £ A. For x G kA write n(x) for the number of solutions to x — a\ + 
. . . + Ofc. By the Cauchy-Schwarz inequality 

/ \ 2 

|2fc 




L4r= 2. <M^) 



and so it suffices to show that Ef.(A) <Cfc \A\ k , i.e. that there are at most Ok (\A\ k ^j 
solutions to (HJ). 

Say that a solution to (fTJ) is trivial if at least 2k — 1 of the 2k terms occur with 
multiplicity at least 2. By elementary counting there are at most Ofe(|A| fc ) trivial 
solutions, so it suffices to show that there are no non-trivial solutions. 

Suppose for a contradiction that a non-trivial solution to ([1]) exists. Gathering 
terms gives an expression of the form 

(2) n x c\ H h n t c t = 

where the c, are distinct elements of A and rii € F p \{0}. The assumption of 
non-triviality implies that t > 2. Additionally, note that 

(3) m + h n t = 0. 

Indeed after gathering terms on the left the different multiplicities n.; must sum 
to zero, since there are the same number of terms on the left of ([I]) as on the 
right. Any Cj for which rij = is discarded, meaning that the sum of the remaining 
multiplicities is as an element of ¥ p . 

Now since A is separable and the Ci are in A we may relabel them if necessary 
to assume the existence of a ball B(x, r) such that c\ £ B but c%, . . . , Cj € B. By 
®, 

||ci - sc|| = \\mci - nix\\ 

= \\n 2 C2 H h n t c t + n\x\\ . 

Then by §3§ and the non-archimedean property it follows that 

||ci - x\\ = \\n 2 (c2 —x)-\ h n t (c t - at)|| 

< max{||c 2 - x\\ ,. .., \\c t - x\\} 

< r 

and hence c\ € B(x,r) which is a contradiction. Thus there are no non-trivial 
solutions and the proof is complete. □ 

Now that we understand the growth of individual separable sets, we wish to 
extend our analysis to their disjoint unions. We begin with a prototype result for 
unions satisfying a particularly strong condition. 

Call a disjoint union of sets UfcLi ^ a sparse union if there exist disjoint balls 
Si, ... , Bn such that Ai C Bi for each i. The following lemma shows that sets in 
sparse union behave independently under sumsets. 
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Lemma 3.3. If A = [J i=1 Ai C ¥ q ((t 1 )) is a sparse union of finite subsets of 
F g ((i -1 )) and k G N is such thatp\ k then 

N 

\kA\>^2\kAi\- 

i=l 

Proof. It suffices to prove that the sumsets kA t are disjoint. So suppose for a 
contradiction that there are distinct Ai , Aj such that kA^ and kAj have non-empty 
intersection. There is then a solution to the equation 

Oi + h cik = h + 1- bk 

with a s G Ai and b r G Aj . By definition of a sparse union the sets Ai and Aj are 
contained in two disjoint balls; call these B(xi,ri) and B(xj,Tj) respectively. Since 

\\xi - Xj\\ = \\kxi - kxj\\ 

< max{||ai H h a k - kx t \\ , ||6i H h b k - kxi\\} 

< max{||ai - Xi\\ \\a k - Xi\\ , \\h - Xi\\ , . . . , \\b k - Xi\\} 

< max {n,rj} 

and so either Xi G B(xj,Tj) or Xj G B(x4,ri), contradicting the fact that the two 
balls are disjoint. □ 

Combining Lemma 13.21 and Lemma 13.31 shows that if A — {J^ = i Ai is a sparse 
union of separable sets Ai, each of cardinality at least K, then 

\kA\ > fe NK k 

which is a stronger conclusion than required for Lemma 13.11 However a result is 
required for all disjoint unions rather than only for sparse ones. For the following 
discussion another new concept is required. 

Suppose that A\ is separable with resolution at least r. Say that a set A^ is 
hidden from A\ if A2 is contained in a ball of radius no greater than r. 

We shall presently show that sparse unions and hidden sets cover essentially all 
the possibilities for a disjoint union of separable sets. But let's first see why this is 
helpful for proving Lemma 13. 1[ by showing that if Ai is hidden from A\ then the 
sumset A\ + A 2 is large. 

Lemma 3.4. If A\ y A<i C F 9 ((i -1 )) are finite sets such that A2 is hidden from A\ 
then 

|A 1+J 4 2 | = \A X \\A 2 \. 
Proof. It suffices to show that there are no solutions to 

a\ + a- 2 = a\ + a! 2 

with each a^a^ G Ai and a% ^ a^. So suppose for a contradiction that such a 
solution exists. Since A\ is separable and ai,a[ G A\ there is a ball B{x,r) such 
that ai G B(x,r) but a[ B(x,r). 
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Since A2 is hidden from A%, the ball B(x,r) may be chosen so that there is 
another ball B{y, s) containing A2, with s < r. By the non-archimedean property, 

\\x - a[\\ < max{||a; - <zi|| , ||oi - a[\\} 

= max{||a; - <zi|| , ||a 2 - 411} 

< max{]]a; - <zi|] , \\y - a 2 || , \\y - 411} 

< max {r, s} 
— r 

and so a[ £ B(x,r) which is a contradiction. □ 

As a corollary it follows that not only is A\ + A2 large, but so is A\ + kA^ for 
any natural number k. 

Corollary 3.5. If A\,Ai C F 9 ((i -1 )) are finite sets such that A2 is hidden from 
A\ then 

\A 1 + kA 2 \ = |Ai||fcA a | 

for any natural number k. 

Proof. By Lemma EOl it suffices to show that if A2 is hidden from A\ then so is kA2- 
And this follows immediately from Lemma 12.21 and the definition of hidden. □ 

As promised, we now show that sparse unions and hidden sets cover essentially 
all the possibilities for a disjoint union of separable sets. 

Lemma 3.6. Let A = (Ji=i ^ ^ e a disjoint union of separable finite sets Ai C 
F g ((t _1 )) ; each of cardinality at least K . Let X < N be any integer. Then at least 
one of the following is true. 

(1) A contains a sparse union of at least A separable sets, each of cardinality 

n(K). 

(2) There exist A', A" C A where \A'\ 3> K and A" is the disjoint union of at 
least N/X separable sets, each of cardinality Q(K), such that A' is separable 
and A" is hidden from A' . 

Proof. Without loss of generality assume that K is even, say K = 2k. Since each 
Ai is separable, write the elements of each Ai as 

Ai = {an, . . . , aiiAd} 
such that for 1 < j < \Ai\ there is a ball B(xij,rij) with 

(4) Ai n B(xij,rij) = {an, . .. ,a y }. 
Note that 

(5) B{x a ,r a ) C B(xi2,r l2 ) C ... C B{x i \ A .\,r i \ A .\). 
Recall that k = K/2 and consider the balls B(xik, r«fe) for 1 < i < N. Let 

r = max{r lt } 

i 

and for each i let 

Bi = B(xik,r). 

There are N balls Bi, which may or may not be distinct. There are therefore 
two possibilities. Either at least A of them are distinct, or at least N/X of them are 
the same. These two cases correspond to the two cases of the conclusion. 
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If A of the Bi are distinct then since they have the same radius but are distinct 
they must be disjoint by Lemma |2~T1 The corresponding sets Ai n Bi form a sparse 
union of A disjoint separable sets since they are contained in the disjoint balls Bi 
and are subsets of the separable sets Aj. They are all of cardinality 51 (K) since by 
® 

\Aif\Bi\ > \Ai C\B{x lk ,r lk )\ = fc > K. 

We are therefore in the first case of the lemma's conclusion. 

On the other hand, suppose that at least N/X of the Bi are the same, say Bi = B 
for all z € / with |/| > N/X. Let io be such that 

n„k = r 

and note by ([S]) that fj j > r whenever j > k + 1. Then let 

A ' =Ai \B(x io ,r) = |a io ( fe+1 ),...,a» i<r, ...,aj | A . o || 
A" = |J (A n B) = |J (A 4 n Bfo.r)) . 

iG-T i£Z 

Note that A' is separable since it is a subset of Ai , which is itself separable. And 
it has cardinality at least K — ft ^> K . Note also that A" is the disjoint union of 
at least N/ X separable sets since each possible Aj PI B is a subset of the separable 
set Aj and all of the Ai are disjoint. 

All that remains is to verify that A" is hidden from A'. For this, note first that 
the separable set A' has resolution strictly greater than r, since it is separated by 
the balls B(xi j,Vi j) and ri j > r whenever j > k + 1. Then observe that A" is 
contained in a ball of radius at most r, since A" C B and B has radius r. Thus A" 
is hidden from A' as required. □ 

It is now possible to collect the structural information from the previous lemmata 
to prove Lemma 13. II 

Proof of Lemma \3.1\ Proceed by induction on k. The case k = 1 is trivial so 
assume that k > 2 and apply Lemma IXB1 with A = |_7V 1 / fe J . There are two possible 
cases, which are dealt with in turn. 

In the first case, the set A contains a set A\ that is a sparse union of Q (TV 1 /*) 
separable sets, each of cardinality il(K). Split into two further subcases, according 
to whether or not the characteristic p divides k. If p \ k then by Lemma [3.21 and 
Lemma 13.31 

\kA\ > \kAi\ > N 1/k K k > N x l k K k ' x 

as required. On the other hand if p \ k then p \ (k — 1) and so by Lemma T3. 2 1 and 
Lemma 13.31 again, 

\kA\ > \(k - l)Ai\ > ArV(fc-i)jffc-i > N i/k K k-i 

as required. 

In the second case, there are two subsets A2 and A3 of A such that A2 is sepa- 
rable and of cardinality ft(K), A3 is hidden from A2, and A3 is the disjoint union 
of r2(7V 1- ^) separable sets each of cardinality £l(K). Note that A 3 satisfies the 
conditions for the lemma we are presently proving and so by inductive hypothesis 

I (ft - 1)A 3 | > fe N L ^ t K k - 2 = N 1/k K k - 2 . 
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Then by Corollary 

\kA\ » \A 2 + (k-l)A 3 \ 
» \A 2 \\(k - l)A 3 \ 

as required. □ 

4. Finding many separable sets 

The goal in this section is to show that if the sumset and product set of a set 
A are both small then there must exist a large disjoint c ollection of large separable 
sets. For this we adapt the argument of lSolymosi }2005aj for complex sum-products 



discussed in Section[2l Note that all of the analysis remains in the F 9 ((i -1 )) setting; 
indeed some of the facts of non-archimedean geometry deployed here are manifestly 
false in C. 

A couple of new definitions are required. For a finite set A C Fg^i^ 1 )) and an 
element o£i, define 

r A {a) = mm \a — a\ 

a'eA 
a 

B A (a) = B(a,r A (a)). 



Additionally, for any n > 1 we say that C — (ci, . . . , c„) G A" is an A-chain of 
length n if Ci ^ Cj for 1 < i < j < n and 

B A (d) C ••• C B A (c n ). 

The following argument, a strengthened form of that found in ISolvmosil [2005a) , 



finds a large chain in A as long as the sumset and partial product set are both 
small. If this condition were to fail then a suitable sum-product result would follow 
immediately. 

Lemma 4.1. Let A,Dc Fq((i -1 )) be any finite sets and choose some graph G C 
A x D. Then A contains an A-chain of cardinality 



n 



IGI 4 



\D\ 3 \A + A\ 2 \A° D\ 2 log 4 \A\, 



where the implicit constant is absolute. 

The proof of this lemma is rather long and technical; this is partially due to 
working with a partial product set, which is important for the energy version of our 
sum-product result. In particular, this is the reason that we need the lemma with 
general A and D. On a first read-through the reader is advised to take A — D and 
G = A 2 ; indeed, this is all that is required for a proof of Theorem 11.11 Working 
with a general G C A 2 merely requires slightly more notation and some careful 
pigeonholing at the beginning of the proof. 



Proof. For any d € D let Gd C A be defined as {a £ A : (a, d) 6 G}. For each a G A 
and d 6 D write Nd(a) for the length N of the longest A-chain C — (ci, . . . , cn) 
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for which cjv = a and ej 6 G d for 1 < i < N . In particular, note that N d (a) = if 
a G' Gd- Note for future reference that 

N d (a) < \B A {a)r\G d \ 

since if C is such an A-chain then, letting C be the set of members of C, it is clear 
that C C Gd and for each c G C" we have c G -Ba(c) C 5,4 (a). 

We begin with some pigeonholing to prepare our sets for the iteration to follow. 
Let D' be the set of all d G D such that \G d \ > \G\ /2 \D\. Then 

\G\ = Y l \G d \<\D\^- + \D'\\A\ 

deD ' ' 

and hence \D'\ > \G\ /2 |A- Fix deD' and for each < j < log 2 |A| define A dj to 
be the set of a £ Gd for which 2 J < N d (a) < 2 J+1 . The Ay partition Gd and so 

log 2 \A\ 

E i^i = i^i- 

By the pigeonhole principle there exists a j for which \A d j\ 3> | | / log | ^4 1 3> 
\G\ j \D \ log \ A\. Let this be denoted by A d , and let this choice of V be denoted by 
k d , so that for all a E A d 

k d < N d (a) < 2k d . 

Having performed this dyadic pigeonholing over G d for each d G D' we now 
perform another dyadic pigeonholing over D' itself. For < i < log 2 \A\ let D\ be 
the set of all dED' such that 2 J < k d < 2 J+1 . Then, once again, the D[ partition 
D' and hence there is some D" C D' such that 

i^i»^U |G| 



log \A\ \A\\og\A\ 

and there exists a fc such that for all d 6 I?" we have k < k d < 2k. In particular 
there must exist an A-chain of length at least k and so it suffices to give a lower 
bound on k of the required order. For the simplest case, which is sufficient if the 
only goal were to prove Theorem 1 it suffices to take A — D and G — A 2 so that 
we may simply take A" = A and A d — A d > for all d, d! G A. 

Say that a quadruple (a,b,c,d) G A 3 x D is good if d G -D", a G A d , b G 
S A (a)nG rf , 

(6) |(A + A)n(^(a)+c)|< 16fc |^ + A ' 

I Ail 

and 

(7) |(A G D)n(d.i? A ( a ))|< 16A:| ^'^ 1 



1^1 ' 

Write Q for the number of good quadruples. We shall bound Q from below to 
obtain 

(8) Q >> \D\ (log | A) 2 

and bound it from above to obtain 

Q <<; fc 2 |^ + A 2 l^ G ^l 2 l^l 2 (fog I A 1 ) 2 



|G|- 
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Comparing (j8]) and ([9]) will then give the required bound on k. 
We shall first establish (0. Fix some d E D"\{0} and note that 

]T \(A°D)n(d-B A (a))\ = Yl E WbxC-) 



aeA d aeA « U £A G D 



E Ei 

ved-i-A G D aeAd 

E i^wi 

ved- 1 -A°D 



vGB A (a) 



where 



C d {v) = {aeA d :ve B A (a)}. 
We may choose an ordering of Cd(v) — {c±, . . . , c„} such that (ci, . . . , c„) forms 
an yl-chain. This follows from Lemma 12.11 since for any two a,b E Cd(v) we have 
v E B A (a) n B A (b) and so either B A (a) C -Ba(^) or B A (b) C In particular, 

since c ra £ Ad and Ci E Gd for 1 < i < n, we must have 

|C d (u)| < < 2fc d < 4fc. 

In particular 

G 



A G D 



16fc 


A G D 




A d \ 



53 I0 4 • D ) n (^--B A (a))| < 4fc 

aeA d 

and hence for at least 3 |^4d | /4 elements a of Ad we have 

\(A G D) n (d-S A (a))| < 

Of course, the same also holds trivially even if d = 0. 
Similarly for any fixed c E A 

\(A + A)n(B A (a) + c)\< 16k \ A + A] 

holds for at least 3|Ad|/4 elements a E Ad- 
it follows that for any fixed d E D" and c £ A there are at least |Ad|/2 elements 
a E Ad such that ([6]) and ([7]) both hold. Furthermore for each such a E Ad there 
are at least k elements b E Gd such that b E B A (a) n Gd since 

k<N d (a) < \B A (a)nG d \. 

In total therefore, 



EE 



fcL4 d l fc|G| 



2 



> 



2 |£>| (loglAI) 2 
dec ceA 1 1 v 61 u 

since for each d E D" we have \A d \ » |G| /(log |A|) |D| and |L>"| > |G| / |A| log \A\. 

This concludes the proof of (0). 

We now prove ©■ Note that the map 

(a, &, c, d) i — ^ (a + c, & + c, ad, 6c?) 

is injective and so it suffices to bound the number of possibilities for this latter 
expression, subject to the constraint that (a, &, c, d) is good. There are certainly 

Q 

at most \A + A\ possibilities for a + c and at most \A ■ D\ for ad. We fix a + c 
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and ad and first establish a bound on the number of possible b + c. Note that if 
a + c = a' + d then either 

B A {a) + cGB A (a') + c' 

or vice versa, since both sets are balls with the same centre a + c. 

As a consequence, for any d G if G(c£) C x A is the set of pairs (a, c) such 

G(d) 

that |6]) holds then for any x e A + A there is a fixed pair (a x d, c x d) such that 
© holds and 

B A (a) + c C -B^ (a x d) + c xd 
whenever a + c — x and (o, c) G x ^4 satisfies ([6]). In fact, if Go = UdeD"G(d) 

G 

then for any there is a fixed pair (a x , c^) such that (J6J) holds for some 

d G A" and 

B A (a)+cCB A ( 

Thus if x is the fixed first co-ordinate and b + c is a possible second co-ordinate 
then since b G B A (a) (~l ^4 and c G A we have 

fe + cG (A + A)n(B A (a) + c) 

C (A + 4)n (B A (a x ) + c x ). 

In particular there exists a d G -D", depending only on x = a + c which is fixed, 
such that the number of possibilities for b + c is at most 

16fc|A + A| fc|A + A\ |g|logJAj 
\A d \ ^ \G\ 

The argument that there are at most 0{k\A ■ D\ \D\ log \A\ /\G\) possibilities for 
bd is similar. 



In total therefore 

k 2 \A + A\ 2 \A G D\ 2 \D\ 2 {\og\A\) 2 



< 



\G\ 2 

which concludes the proof of © and thus of the lemma. □ 

The following result shows that any chain contains a large separable subset, 
allowing Lemma l3.il to be applied to the chains found in Lemma 14. II 

Lemma 4.2. If C is the set of elements of an A- chain for some A C F g ((t -1 )) then 
C contains a separable set of cardinality at least \C\/q. 

Proof. It is clear that any subset {ci, . . . , c n } C C with 

B A (cx) C ... C B A {c n ). 

is separable. Define an equivalence relation on elements of A by a ~ b if and only if 
B A (a) — B A (b). To prove the lemma it suffices to show that each equivalence class 
contains at most q elements of A. 

Note first that if a ~ b and a^b then 

\\a - b\\ = r A (a) = r A (b). 

Indeed, since B A (a) — B A (b) it follows that b G B A (a) and so \\a — b\\ < r A (a). 
However by minimality, \\a — b\\ > r A (a) and so ||o — b\\ = r A (a). Similarly 
6|| = 
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Suppose for a contradiction that there is an equivalence class containing elements 
oi, . . . , a q +i. Consider the differences 01— cii for 2 < i < q+1. By the last paragraph 
we have 

(10) - dj\\ = r A {a.j) = r A (a,j) 

for all 1 < i < j < q + 1. To complete the proof it suffices to show that there are 
distinct i, j and k in {1, . . . , q d + 1} such that 

(11) deg(di - ctj) < deg(ai - a k ), 

as this yields a contradiction to (fTU)) by the definition of the norm ||-||. 

Consider the q distinct elements a\ — a* for 2 < i < q + 1. Since none of these are 
they have leading coefficient belonging to F g \{0}, and hence by the pigeonhole 
principle there are i ^ j such that a± — ai and a\ — aj have the same leading 
coefficient. 

It follows that if deg(ai — aj) = deg(ai — aj) then deg(ai — aj) < deg(ai — a,j). 
Hence either way there is a choice of distinct i, j and k such that (|TT|) holds, 
completing the proof. □ 

Finally, repeated application of the previous lemmata yields many disjoint large 
separable sets, which combined with Corollary 13.11 will give the main result. 



Corollary 4.3. If A C F g ((i *)) is a finite set and G C A x A then A contains 
^rV + ^ G ,4| 2 log 4 L4| \ 

V \Gf ) 

disjoint separable sets, each of cardinality 



\G\ 8 



^q\A\ n \A + A\ 2 \A" A| 2 log 4 |A|. 



The implicit constants are all absolute. 

Proof. As in the proof of Lemma 14.11 we can find a subset A' C A of size at least 
\G\ /2 \A\ such that for every a £ A' the set G a = {d e A : (a, d) £ G} has size at 
least |G|/2|A|. 

Let A" be any subset of A' of cardinality at least |A'|/2. Let G' be the graph 
{(a, b) G G : a G A"}. Applying Lemma |4~T1 and Lemma 1431 shows that A" contains 
a separable set of cardinality 

IG '' 4 



q\A'\ 3 \A' + A'\ 2 \A' G A\ 2 log 4 \A'\ 

By our choice of A' and A" we deduce that \G'\ 3> |G| 2 /|A| 2 . Using the previous 
bound and the fact that a subset of a separable set is itself separate we deduce that 
A" contains a separable set of cardinality k where 

|G| 8 , |G| 8 

> k » 



|^| n | A + A\ 2 \A A\ 2 log 4 |A| q |A| n |>4 + A| 2 |A " A\ 2 log 4 |A| 

where the implicit constants are absolute. For brevity let A denote the quantity on 
the left hand side of these inequalities. 

Let A\ = A'. By the above discussion we can find a separable subset Si of 
cardinality N r where X/q < Ni < A. Now let A 2 = A x \ S x . If \A 2 \ > \A'\ /2, then 
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we can find another separable subset 52, of cardinality N2 where X/q <C N2 <C A, 
such that S2 is disjoint from Si. 

We now continue this process until we have some A n of cardinality less than 
\A'\/2. At least 

^ m ^ i^rv+^i^ApiogVi 

A \G\ 7 

iterations are required, after which we have identified the required number of dis- 
joint separable sets, each of the required cardinality. □ 

Theorem 12 .41 follows by combining Lemma |3~TI with Corollary 14. 31 as follows. 

Proof of Theorem \2.4\ Let 

|^| 10 |^ + ^| 2 |^ G v4| 2 log 4 |^| 



and 



N = 



K = 



\G\ 7 
\G\ 8 



q\A\ L '\A + A\ 2 \A-A\nog' l \A\ 

By Corollary 14.31 the set A contains a subset U which is a disjoint union of f](iV) 
separable sets, each of cardinality ft(K). For any natural number k, Lemma 13.11 
implies that 

\kA\ > \kU\ 

> fe N 1 ^^- 1 

\Qt8k-8—7/k 

~ q k-l | A |llfc-U-10/* | A + A |2fc-2-| \ A G A |2fe-2-| log 4fc-4-| | A | ■ 

By Pliinnecke's inequality (see Petridisl [2011 1 for a recent simple proof) we know 

\A+A ' 
\A\ k - 



that \kA\ < w^t- and so 



| A + A |3fe-2-t| A G A|2fe _ 2 _ | ^ 



gfc -l| A |10fe-10-10/ felog 4 fc -4-|m- 

)oth sides and using 

and |G| < lAI" 2 gives 



Taking fc-th roots of both sides and using the trivial inequalities |A + ^4|,|A-A|>1 



\A + A\ A \A ■ A\ z » fc 



g |A| 10+6/fc+4/fc2 log 4 -*-£b4f 
Theorem 12.41 follows by taking k sufficiently large depending only on e. □ 
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